We prove compactness of the resolvent di erence for second order divergence form operators whose matrix functions are close enough at in nity. Our theorems include certain subelliptic cases as well as cases with unbounded coe cients.
Introduction
In this paper we consider the stability of the essential spectrum of second order divergence operators with complex coe cients. We think of A as being a comparison operator, whose spectrum is understood and of B as a perturbation which has less restrictive properties.
Questions of this type have already been considered in 6], and more recently in 11] and 15]. However, in these references, the assumptions on A are quite restrictive (in 11] only the case A = ? is treated).
The present paper reports on considerable progress which is stated in our two main results, Theorems 2.1 and 3.1. A common feature of these theorems is that we allow for complex measurable coe cients. Divergence operators with complex coe cients have attracted considerable attention recently, as it turned out that they exhibit properties quite di erent from those of their real-valued relatives. This is mainly due to the fact that the latter are associated with Dirichlet forms, which implies that their semigroups are bounded operators on the whole scale of L p ?spaces, while the former will not share this property in general. This fact is illustrated by an example given in 1]. So part of the proofs used both in 11] and 15] don't carry over to the present context, for instance the use of ultracontractivity.
In Theorem 2.1 we treat the case that both a; b have bounded coe cients. Then if A is elliptic and B satis es a certain subellipticity, the di erence of their resolvents is compact if (a ? b) 2 c 0 (L 1 ): Note that we do not assume smoothness of either a or b: In Theorem 3.1 we consider unbounded b: Here (a ? b) 2 c 0 (L p ) su ces for the compactness of the resolvent di erence, if p is bigger than some p(A): Roughly speaking, p(A) decreases with increasing smoothness of a; the limiting case being p(A) = 2, which is achieved, e.g. for H older-continuous a: Summarizing, we give conditions on (a ? b) which imply that this di erence vanishes near in nity in a certain weak sense, and under which B has the same essential spectrum as A: Related work by Barbatis 3, 4] In the next step, we want to prove that (A w +1) ?1 exists, and nd a formula for this perturbed resolvent. To this end, let h(u; v) := 1 2 (a(u; v) + a(v; u)) be the real part of a which is non-negative, since a is accretive, and let H be the associated self-adjoint operator. by the Neumann sum. Moreover, the norm of (A w + Having in mind the general Lie group case, where subelliptic operators play an important role (see 12]) it seems worthwhile to settle the result in the generality presented in Theorem 2.1.
The following "regularization" result will be used in the proofs of Theorems 2.1 and 3. Finally, let us remark that Theorem 2.1 provides an extension of the results in 11], 15] in two important respects: we assume no regularity of the coe cients and the coe cients are allowed to be complex-valued. 3 The case of unbounded coe cients for B
In this section we prove a theorem which covers cases of unbounded coecients for the operator B: To this end, we have to assume, however, ellipticity and sectoriality (recall that Theorem 2.1 is valid for certain subelliptic B of Note that (3:1) is stronger than assuming the ellipticity of the principal part of b: However, in most cases one can achieve (3:1) for matrices, whose principal part is elliptic:
Remark. Let Remark that in order to get theorems like Satz 10. 
